Here we show that asymmetric fully-localized flexural-gravity lumps can propagate on the surface of an inviscid and irrotational fluid covered by a variable-thickness elastic material, provided that the thickness varies only in one direction and has a local minimum. We derive and present equations governing the evolution of the envelope of flexural-gravity wave packets allowing the flexing material to have small variations in the transverse (to propagation) direction. We show that the governing equation belongs to the general family of Davey-Stewartson equations, but with an extra term in the surface evolution equation that accounts for the variable thickness of the elastic cover. We then use an iterative Newton-Raphson scheme, with a numerical continuation procedure via Lagrange interpolation, in a search to find fully-localized solutions of this system of equations. We show that if the elastic sheet thickness has (at least) a local minimum, flexural-gravity lumps can propagate near the minimum thickness, and in general have an asymmetric bell-shape in the transverse to the propagation direction. In applied physics, flexural-gravity waves describe for instance propagation of waves over the ice-covered bodies of water. Ice is seldom uniform, nor is the seafloor, and in fact near the boundaries (ice-edges, shorelines) they typically vary only in one direction (toward to edge), and are uniform in the transverse direction. This research suggests that fully localized waves are not restricted to constant ice-thickness/water-depth areas and can exist under much broader conditions. Presented results may have implications in experimental generation and observation of flexural-gravity (as well as capillary-gravity) lumps.
I. INTRODUCTION
Fully localized solitary waves (and wavepackets) are of importance in applied sciences as they can transport mass, momentum and energy over long distances. It is known today that gravity waves cannot admit fully-localized waves 1, 2 , but in the presence of surface-tension or flexural-rigidity on the water surface such localized structures may exist [3] [4] [5] [6] [7] . These structures are formed as a result of a careful balance between nonlinearity and the dispersion.
Of interest in this paper, is the fully-localized wave packets of flexural-gravity systems. Equations governing the evolution of flexural-gravity wave packets are described by the Davey-Stewartson equation 4, 8 . Davey-Stewartson (DS) equation 9 is a two-dimensional extension of Nonlinear Schrödinger (NLS) equation 10, 11 . Compared to two-dimensional Nonlinear Schrödinger (2DNLS) equation, DS further includes the coupling with an auxiliary field (which is the mean current in the context of hydrodynamics). In contrast to one-dimensional NLS, 2DNLS is not integrable and does not admit localized solutions. The coupling with the mean field allows finite-depth DS equation to be integrable (under certain conditions), and to admit fully-localized solutions. In the limit of infinite depth DS equation reduces to 2DNLS.
While DS equation has been studied extensively due to its importance in different areas of science [12] [13] [14] [15] [16] , investigation of its fully-localized solutions is a relatively young field of research. Two a) Electronic mail: reza.alam@berkeley.edu families of such solutions have so far been discovered: Dromions and Lumps. Dromions are fullylocalized surface structures with exponentially decaying tails that form at the intersection of meanflow line-solitary tracks 3, [17] [18] [19] [20] [21] . Lumps on the other hand have algebraically decaying tails but both the surface elevation and the mean field are fully-localized 22, 23 . Lump solution is not restricted to DS, but several other systems including Kadomtsev-Petviashvili equation 24, 25 , Benney-Luke equation 5 and full Euler equation 26,27 also admit lump solutions. Flexural-gravity waves in two-dimension have been the subject of considerable interest from various standpoints [28] [29] [30] [31] [32] . In three-dimensional few existing research endeavors are mainly focused on the problem of moving loads on the ice [33] [34] [35] [36] [37] [38] [39] . The first consideration of fully-localized waves in three-dimension, to our knowledge, has been made recently where it has been shown that in a constant-depth water, wave packets of flexural-gravity waves may admit three-dimensional fullylocalized structures in the form of lumps 8, 40 and dromions 4,41 . Here we consider weakly nonlinear flexural-gravity wave packets propagating over a (relatively) thin but variable-thickness elastic cover that lies on the surface of an inviscid and incompressible fluid. A perturbation scheme is used to derive the evolution equation for the envelope of waves, and it is shown that the governing equation belongs to the general family of 8, 9 , but with an extra term (linear in the surface elevation) whose coefficient is a function of thickness variations.
We consider the Elliptic-Elliptic subset of this equation for which, in the absence of thickness variation, lump solution exists. We then look for fully-localized lump solutions for a variety of thickness variation functions with the help of Lagrange interpolation of the lump shape combined with Newton-Raphson iteration scheme to solve the equation through a numerical continuation procedure without prescribed boundary conditions. We show that lump solution over a transversely variable thicknesses exists if the thickness function has a local minimum. These lumps, however, have an asymmetric shape in the transverse to the propagation direction with a steeper slope on the side that the gradient of thickness variation is higher. For a constant thickness and variable depth, the governing equation is similar in the form, but different in the coefficient. In this case lump solutions exist if the depth perturbation has a maximum, or in other words if the water depth has a minimum. In the nature and in practice, media through which waves propagate is usually non-uniform. Results presented here show that fully-localized solutions are not limited to perfectly uniform environments and in fact can exist and propagate in media with variable properties.
II. GOVERNING EQUATION
Consider an incompressible, inviscid and homogeneous fluid of density ρ f and constant depth h bounded on top by a thin sheet of an elastic material (such as ice) with the density ρ i and spatially variable (small) thickness L(x, y). We define a Cartesian coordinate system with the x, y-axes on the mean bottom and z-axis positive upward. Assuming that flow is irrotational, a potential function φ can be defined such that ∇φ ≡ u where u = u(x, y, z, t) is the Eulerian velocity of the flow field. If η = η(x, y, t) denotes the elevation of the free surface from the mean water level, the governing equations read
where
We define the following dimensionless variables
where λ is the characteristic wavelength of the carrier wave and a is the characteristic amplitude. Using definitions Eq. (2), the dimensionless form of the governing equation Eq. (1), after dropping asterisks for notational simplicity, becomes
We are interested in weakly nonlinear harmonic waves of wavenumber k with slowly varying amplitudes in both x, y directions. To achieve this solution we assume ǫ ≪ O(1) but leaving δ to be arbitrary.
Permanent-form fully-localized structures, for example lumps, are not expected to exist if the medium (e.g. thickness of the elastic cover) changes in the direction of the propagation (in this paper we take the direction of the motion along the x-axis). In fact, if the medium has a constant mean but with random perturbations, we expect that the waves attenuate over time, as they propagate, via the so-called localization mechanism 43, 44 . Therefore here we assume that the thickness of the elastic cover only changes in the transverse (i.e. y) direction and also very slowly, that is,
, where L 0 is the mean thickness and f (y) is a continuous function that specifies how thickness varies about the mean and satisfies
. Under these assumptions, the dynamic boundary condition Eq. (3c), correct to the order ǫ 2 , becomes
We further define the following different scale variables
where c p (k), c g (k) are respectively the phase and group velocity of the carrier wave. Note that c p (k), c g (k) are unknown speeds at this stage, but leading order (i.e. linear) analysis proves c p (k) to be the phase velocity and first order analysis shows that c g (k) must in fact be the group velocity of the wave system. We assume that the solution to the governing equations can be expressed by a convergent asymptotic series in terms of our small parameter ǫ. In terms of new variables Eq. (5) we suggest the series solution in the form
where E = exp(ikξ) and A 00 = 0. Leading order (i.e. linear) analysis provides the expression for the dispersion relation
If the perturbation analysis perused to the second order of nonlinearity, equations governing the evolution of the envelope A 01 (ζ, Y, τ ) and the mean field f 0 (ζ, Y, τ ) obtain in the following form 45, 46 
in which
where Γ = p/q and
in which σ = tanh δk. Note that f (y) is now in the coefficient ν 3 . Eq. (9) is a more general form of Davey-Stewartson 9 (also known as Benney-Roskes-DaveyStewartson equation 8, 47 ). In the special case of Eq. (9) (9) to be valid the function f (y) must satisfy |f (y)| = O(1), |f ′ (y)| = O(ǫ).
III. NUMERICAL METHOD
To cast Eq. (9) in a more commonly-used form we define
where γ = −ν 1 − ν 2 g. Depending on whether γ > 0 or γ < 0 Davey-Stewartson equation is known as, respectively, focusing or defocusing. Likewise signs of α and ϑ determine whether Eq. (9) is elliptic-elliptic, elliptic-hyperbolic, hyperbolic-elliptic or hyperbolic-hyperbolic (the latter is not possible in the context of water waves 48 ). Figure 1 (a) compares the area of focusing and defocusing of the governing equation Eq. (9) forR ≡R/(kδ) 2 =0, 0.05. The new variableR in physical space is simply the ratio of the mass of the elastic sheet to the mass of the water underneath it, and therefore is independent of the wavelength. Whether Eq. (9) is focusing or defocusing is a function of both kδ andĤ ≡H/(kδ) 4 and this functionality is shown in Figure 1(a) . Areas for which the governing Davey-Stewartson is elliptic-elliptic is overlain on top of boundaries of focusing/defocusing curves in Figure 1(b) . The case ofR=0 is shown by gray area, and forR=0.05 by hatched area.
Here we only consider focusing elliptic-elliptic Davey-Stewartson equation which is known to admit localized solitary waves 48 . We further assume that the amplitude has a periodic phase with an unknown frequency Ω, i.e. u = r(x, y)e iΩτ .
By implementing the following re-scalinḡ
After dropping bars Eq. (12) becomes
The objective here is to look for lumps solutions of Eq. (14) particularly when f (y) is nonzero and non-constant (note that f (y) is hidden in ν 3 ). The numerical procedure is as follows: we first consider Eq. (14b) with ν 2 = ν 3 = 0, i.e., −r + r xx + r yy + r 3 = 0. This equation can be solved numerically using shooting method under the condition that r(x, y) is axisymmetric and vanishes at infinity. It has countably many solutions, and the one that is always positive and asymptotically goes to zero as r → ∞ (the so-called ground state) will be considered here as a first guess for solving Eq. (14) 8, 49 . With the ground state solution in hand, we aim at solving Eqs. (14a) and (14b) together including ν 2 but keeping ν 3 = 0. It is to be noted that Eq. (14) with ν 3 = 0 is invariant under the parity transformation (i.e. when x → −x, likewise for y). Although this by itself does not guarantee that the solution is parity invariant, we restrict our attention to solutions of Eq. (14) (with ν 3 = 0) that are symmetric about both x-and y-axis 8, 23 . This assumption later on will be relaxed in the y-direction in a search for asymmetric lumps. We express r(x, y) and v(x, y) in terms of Lagrangian polynomials whose coefficients are found via the iterative Newton-Raphson method. Since lumps have algebraically decaying tails the transformation x, y = Lp, q/ 1 − (p, q) 2 is used to map physical domain (−∞, ∞) to a finite computational domain (-1,1) . The effect of the righthand side of Eq. (14a) is included via numerical continuation (i.e. by slowly increasing an artificial coefficient in front of that term from zero to one 49 ). To find lump solutions of Eq. (14) including ν 3 term, we start from the symmetric lump of the previous step and implement another level of numerical continuation on the ν 3 term. Note that at this stage symmetricity in y-direction is relaxed.
IV. RESULTS AND DISCUSSION
We show here that a variable-thickness elastic sheet, with the thickness variation function f (y), overlying the surface of an inviscid and irrational fluid can admit asymmetric flexural-gravity lumps.
We first consider a case with the thickness variation function f (y) = 5exp(−y 2 ) sin y. Chosen parameters are chosen as δk=2.8,R=0.01,Ĥ 1 4 =0.19, Ω=1/3, and domain transformation variable L=5. The number of grid points in the simulation domain is set at 24×96. Note that computational domain is half of the full domain. Therefore this choice of grid size implies that the full domain is 48×96. Chebyshev nodes are used as grid points to reduce the effect of Runge phenomenon. Targeted computational error is set to 1e − 12. It is to be noted that for the same parameters different choices of L result in different lump solutions. This is not unexpected as, for instance, analytical dromion solution to Davey-Stewartson equation has several free parameters and for every set of parameters an infinite number of dromions can be found 20, 45 . There are, however, limitations on the choice of this number because for smaller L we get a finer mesh close to the center of the domain of computation and coarser grid farther away and vice versa. Therefore care must be taken in a proper choice of scaling parameter L. Figures 2(a)-(c) show the thickness variation function f (y) (Figure 2(c) ) along with central crosssections of r, v, i.e. r(x = 0, y) (Figure 2(a) ) and v(x = 0, y) (Figure 2(b) ). To highlight that the lump is asymmetric, the mirror image of each side about the peak of the lump is plotted by dashedlines on the other side of the peak. In the absence of the thickness variation (i.e. when f (y)=0), the peak is at y=0. With the current form of f (y) the peak is slipped away from y=0 toward the trough of the thickness variation function. A close examination of the Figures 2(a)-(c) shows that the peak of the lump is not exactly at the trough but slightly to the left (this is further highlighted in the next example). The lump profile is leaned forward toward the steeper side of f (y), i.e., it is steeper on the side where f (y) is steeper.
To further highlight the effect of steepness of the profile on the shape of the lumps we consider a piecewise linear thickness variation function given by (see Figure 2 (f))
Note that Eq. (15) has only one trough (minimum) and no distinguished crest (maximum). With the choice of parameters the same as in the previous case, the lump surface and associated mean current are shown in Figures 2(d)-(e) . Clearly the lump and the mean current have a steeper slope on the side that f (y) is steeper. And the crest of the lump is formed away from the trough of the thickness on its right where the slope is milder. The trends are similar to the previous case but further highlighted. Note that strictly speaking a thickness variation function must be at least two times differentiable (i.e. f (y) ∈ C 2 , c.f. Eq. (1)), but nevertheless no derivative of f (y) appears in the final form of governing equation Eq. (14) . Our numerical experiments show that the obtained asymmetric shape for the lump is quite robust to the perturbations to the thickness variation function. The last case of our interest is if f (y) has a crest, but no trough, e.g. mirror of f (y) shown in Figure 2 (f) about the horizontal axis. In this case our iterative algorithm does not converge to a lump solution. Iteration of the shape of the initial profile shows that the peak of the lump slips away from the crest of the topography (perhaps in a search for a trough), but continues to move to the right or left and never reaches a convergence.
One important feature of the governing equation Eq. (14) in the presence of a non-zero thickness variation function is that the frequency of the periodic phase of the amplitude Ω appears explicitly in the equation (c.f. Eq. (14b), last term). In other words if f (y)=0, by the rescaling introduced Ω disappears from the governing equation Eq. (14), but if f (y) =0 there is no rescaling that can remove Ω. Therefore Ω appears as a free parameter in the governing equation. In the previous two examples (Figures 2(a)-(f) ), we set Ω=1/3. Figure 3 shows the effect of Ω on the shape of the lump obtained (f (y) and other parameters are the same as those in Figures 2(a)-(c) ). Clearly with the increase in Ω the height of the lump increases but the wavelength is almost unchanged. In the case presented in Figure 3 a constant mean current. Note for Ω = 0.25, the mean current also has hump-like profile but its amplitude is of O(0.01).
The effect of the amplitude of the thickness variation is higher on the lump height than the mean current. Figure 4 compares lumps obtained for f (y) = c exp(−y 2 ) sin y and for four choices of c=0, 0.1 ,1 and 2.5. The case c=0 corresponds to a uniform thickness function (i.e. f (y)=0) that is known to yield symmetric lumps. Once variation function is introduced (i.e. c >0) the peak equilibrium location changes, but the peak stays at the same y for different values of c. Further increase in the c decreases both the height and mean current. Effect of the c is small on the lump height (∼ 15% when c changes by a factor of 25) and the mean current (∼ 40%). Clearly the mean current is affected more than the lump height by the height of the thickness anomaly .
For flexural-gravity waves, variable medium can be a result of variations in the water depth as well. Governing equation for flexural-gravity waves over a variable bottom can be derived via a similar procedure followed §2 and the final equation is in the same form as in Eq. (9) with different coefficient ν 3 (see Appendix). Similar procedure can be followed to derive the governing equation for Capillary-Gravity waves in the presence of bottom variations. Capillary-gravity lumps excited by a localized moving pressure have been observed in the laboratory [50] [51] [52] . Our results suggest that carefully architected variable mediums may be used in laboratory experiments to trap lumps, or restrict their motion along desired paths. 
V. CONCLUSION
Here we showed that asymmetric flexural-gravity lumps can exist on a surface of an inviscid and irrotational fluid covered by a (transversely) variable-thickness elastic material. Assuming that the variation in the thickness of the overlying elastic sheet is small, we derived, via perturbation expansion, the governing equation for the envelope of wavepackets in a flexural-gravity wave system. The governing equation is in the form of classical Davey-Stewartson equation but with an additional term in the surface evolution equation that accounts for the variation in the thickness. In order to find fully-localized solitary waves, we then carried out a continuation procedure by Lagrange interpolation, combined with Newton-Raphson iteration scheme. We showed that the peak of the asymmetric lump forms near a local minimum of the elastic sheet thickness. Also, in contrast to lumps propagating over a flat sheet, asymmetric lumps over a non-uniform thicknesses can only exist for frequencies greater than a minimum frequency.
In practical applications the medium is often not perfectly uniform. In fact in many cases the variation is only in one spatial direction (e.g. sloping shoreline, sloping edge of the ice). Possibility of existence of lumps in these systems suggests that these fully-localized solitary waves may exist more widely than expected before. It also suggests where lumps may be more often expected: for instance, contours of constant water depth over a sloping beach (that has a local minimum along the beach slope) in ice-covered waters are loci of lumps. Whether these loci can act as attractors for wandering lumps is an interesting subject worth further research.
